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MOTIVIC BIRATIONAL COVERS AND FINITE FILTRATIONS
ON CHOW GROUPS
PABLO PELAEZ
Abstract. We introduce a functorial tower of localizing subcategories in the
Morel-Voevodsky motivic stable homotopy category. We study the tower for
the spectrum HG representing motivic cohomology with coefficients in an
abelian group G. When G = Z/ℓ is a field, we show that the tower induces
an interesting finite filtration on the Chow groups of smooth schemes over a
perfect field. For G = Z or G = Q, we show that the tower induces an interest-
ing finite filtration on the motivic cohomology groups of smooth schemes over
an algebraically closed field. With rational coefficients, this finite filtration
satisfies several of the properties of the still conjectural Bloch-Beilinson-Murre
filtration.
1. Introduction
The main goal of this paper is to construct an interesting finite filtration on
the Chow groups (with coefficients in a finite field Z/ℓ) of algebraic cycles mod-
ulo rational equivalence, and as well an interesting finite filtration on the motivic
cohomology groups (with integral or rational coefficients). Considering rational co-
efficients, we obtain a finite filtration which satisfies several of the properties of the
still conjectural Bloch-Beilinson-Murre filtration [1], [2], [14].
Our approach can be sketched quickly as follows. For a smooth scheme Y of
finite type over a perfect field k, the Chow groups can be computed in Voevod-
sky’s triangulated category of motives [31]. Thus, a standard adjointness argument
implies that the Chow groups can be computed as well in the Morel-Voevodsky
motivic stable homotopy category SH:
CHq(Y )R ∼= HomSH(Σ
−q(G−qm ∧ Y+), HR);
where HR represents in SH motivic cohomology with R-coefficients. Since SH is
a triangulated category, it is possible to construct the filtration by considering a
tower in SH (see §5):
· · · → wbc−3(HR)→ wb
c
−2(HR)→ wb
c
−1(HR)→ HR
and defining the p-component of the filtration F pCHq(Y ) to be the image of the
induced map:
HomSH(Σ
−q(G−qm ∧ Y+), wb
c
−pHR)
// HomSH(Σ−q(G−qm ∧ Y+), HR) ∼= CH
q(Y )R
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With this definition, it is not at all obvious that the filtration F •CHq(Y ) is finite.
This is proved in 5.2.3. It is also interesting to observe that the filtration is defined
(and is finite) for any coefficient ring R (not just the rationals) and for any smooth
k-scheme of finite type (not necessarily projective).
Now, we describe the contents of the paper. In §1.1, the main results are stated
and proved using the constructions of the remaining sections. In §1.2-1.3, we fix the
notation and introduce the basic definitions that will be used in the rest of the paper.
In §2, we prove some general results for localizing and orthogonal subcategories of a
triangulated category which is the homotopy category of a Quillen model category,
see 2.1.10, 2.2.11, 2.2.13, 2.2.16. In §3, we introduce the weakly birational covers
and the weakly birational tower which will be used to construct the filtrations we are
interested in, see 3.2.1, 3.2.4, 3.2.11, 3.2.15. In §4, we study the weakly birational
tower with rational coefficients and show that in this case, all the components of
the tower are motives and the corresponding maps in the tower are as well maps
of motives, see 4.2.1. We also prove some auxiliary results of independent interest
for the slice filtration with rational coefficients, see 4.1.13, 4.1.15, 4.1.16. Finally,
in §5, we study the weakly birational tower for motivic cohomology and describe
the main properties of the induced filtration, see 5.1.7, 5.1.8, 5.2.1, 5.2.3.
1.1. Main Results. We will consider a base scheme of the form X = Spec(k),
where k is a perfect field. We will write HF (resp. HFp,q) for the spectrum
representing in SH motivic cohomology with coefficients in a finite field F = Z/ℓ,
where ℓ 6= char(k); (resp. Σp−q(Gqm ∧ HF)). Let θ
HF
−n∗ : wb
c
−nHF → HF be the
universal map defined in (5.1.3).
Theorem 1.1.1. Let Y ∈ SmX , and q ≥ 0. Then, there exists a non-trivial finite
decreasing filtration F • on CHq(Y )F where the n-component is given by the image
of θHF−n∗:
HomSH(Σ
−q(G−qm ∧ Y+), wb
c
−nHF)
θHF−n∗ // HomSH(Σ−q(G−qm ∧ Y+), HF) = CH
q(Y )F.
In addition, the filtration F • is functorial in Y with respect to morphisms in SmX
and satisfies:
(1) F 0CHq(Y )F = CH
q(Y )F,
(2) F q+1CHq(Y )F = 0.
Proof. Since CHq(Y )F ∼= HomSH(Σ
−q(G−qm ∧Y+), HF), we deduce all the properties
(except for the non-triviality) by combining 5.2.1 and 5.2.3.
To show that the filtration is in general non-trivial, we will assume that q = ℓm
for some m ≥ 1, and that there exists a ∈ CHm(Y )F such that 0 6= a
ℓ ∈ CHq(Y )F.
Hence by [33, Lemma 9.8], we deduce that 0 6= aℓ = Pm(a) ∈ CHq(Y )F, where P
m :
HF→ HF2m(ℓ−1),m(ℓ−1) is the motivic operation Pm constructed by Voevodsky in
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[33, p. 33]. By adjointness, Pm(a) is the following composition in SH:
Σ−m(ℓ−1)(G
−m(ℓ−1)
m ∧ Σ−m(G−mm ∧ Y+))
Σ−m(ℓ−1)(G−m(ℓ−1)m ∧a)

Σ−m(ℓ−1)(G
−m(ℓ−1)
m ∧HF) = HF−2m(ℓ−1),−m(ℓ−1)
Σ−m(ℓ−1)(G−m(ℓ−1)m ∧P
m)

HF
Finally, by 5.3.2 we deduce that 0 6= Pm(a) ∈ Fm(ℓ−1)CHq(Y )F. 
Let Y ∈ SmX . We will write H
∗,∗(Y,R) for ⊕p,q∈ZH
p,q(Y,R), where:
Hp,q(Y,R) = HomSH(Σ
−p+q(G−qm ∧ Y+), HR)
is the motivic cohomology of Y of degree p and weight q, with R-coefficients. In
the next result we will consider motivic cohomology with integer and rational co-
efficients. We will write R for Z or Q; and 1 for Σ∞T X+, the sphere spectrum in
SH.
Theorem 1.1.2. Let the base scheme X = Spec(k), with k an algebraically closed
field; and Y ∈ SmX . Then, there exists a non-trivial decreasing filtration F
• on
H∗,∗(Y,R), where the n-component in degree p and weight q is given by the image
of θHR−n∗:
HomSH(Σ
−p+q(G−qm ∧ Y+), wb
c
−nHR)
θHR−n∗ // HomSH(Σ−p+q(G−qm ∧ Y+), HR)
Hp,q(Y,R).
In addition, the filtration F • is functorial in Y with respect to morphisms in SmX
and satisfies:
(1) F 0H∗,∗(Y,R) = H∗,∗(Y,R),
(2) F q+1Hp,q(Y,R) = 0.
Proof. Combining 5.2.1 and 5.2.3, we deduce all the properties, except for the non-
triviality of the filtration.
To show the non-triviality of the filtration, by 5.1.8 and 5.1.5 it suffices to con-
struct a non-trivial map HR → Gqm ∧ HR, for q > 0. To obtain such a map, it
suffices to show the existence of a non-trivial map a : 1→ Gqm ∧HR; since a∧HR
will produce the non-trivial map we were looking for.
By definition of the sphere spectrum, HomSH(1,G
q
m∧HR)
∼= Hq,q(X,R), where
X = Spec(k). Now, a theorem of Nesterenko-Suslin and Suslin-Voevodsky [18], [27,
Thm. 3.4] implies that Hq,q(X,R) is isomorphic to the degree q Milnor K-theory of
k with R coefficients, KMq (k)R. However, it is well-known that K
M
q (k)Z is uniquely
divisible [36, Ch. III, §7, Ex. 7.3(a)]. Thus, Hq,q(X,Z) 6= 0 and Hq,q(X,Q) 6= 0,
as we wanted. 
With rational coefficients, the filtration in 1.1.2 is not only functorial with re-
spect to maps in SmX , but in fact it is functorial with respect to Suslin-Voevodsky
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transfers. Let DMQ denote Voevodsky’s big (admitting infinite direct sums) trian-
gulated category of motives with rational coefficients.
Theorem 1.1.3. Let R = Q, and X = Spec(k) with k a perfect field. Then the
filtration F • in 1.1.2 satisfies:
(1) F • is functorial with respect to maps in DMQ.
(2) F • is functorial with respect to Suslin-Voevodsky transfers.
Proof. It suffices to prove (1), since there is a functor Cor(X) → DMQ [30, Thm
3.2.6], where Cor(X) is the Suslin-Voevodsky category of finite correspondences
over X ; having same objects as SmX , morphisms c(Y, Z) given by the group of
finite relative cycles on Y ×X Z over Y [28], and composition as in [35, (2.1) p. 673].
Finally, (1) follows directly from 4.2.1. 
When k is an algebraically closed field (e.g. k = C), combining 1.1.2 and 1.1.3
we deduce that the filtration F • with rational coefficients satisfies several of the
properties of the still conjectural Bloch-Beilinson-Murre filtration [1], [2], [14], [9,
§2], which was originally defined for the Chow groups with rational coefficients, but
admits a natural extension to motivic cohomology of arbitrary degree and weight.
Namely, our filtration F • is non-trivial, finite and compatible with the action of
correspondences (since it admits Suslin-Voevodsky transfers). Unfortunately, the
methods of this paper are not sufficient to show that the filtration is non-trivial
when restricted to the Chow groups with rational coefficients.
1.2. Definitions and Notation. In this paper X will denote a Noetherian sep-
arated base scheme of finite Krull dimension, SchX the category of schemes of
finite type over X and SmX the full subcategory of SchX consisting of smooth
schemes over X regarded as a site with the Nisnevich topology. All the maps be-
tween schemes will be considered over the base X . Given Y ∈ SchX , all the closed
subsets Z of Y will be considered as closed subschemes with the reduced structure.
Let M be the category of pointed simplicial presheaves on SmX equipped with
the motivic Quillen model structure [25] constructed by Jardine [10, Thm. 1.1],
which is Quillen equivalent to the one defined originally by Morel-Voevodsky [10,
Thm. 1.2], taking the affine line A1X as interval [13, p. 86 Thm. 3.2]. Given a map f :
W → Y in SmX , we will abuse notation and denote by f the induced map f :W+ →
Y+ in M between the corresponding pointed simplicial presheaves represented by
W and Y, respectively.
We define T in M as the pointed simplicial presheaf represented by S1 ∧ Gm,
where Gm is the multiplicative group A
1
X − {0} pointed by 1, and S
1 denotes
the simplicial circle. Given an arbitrary integer r ≥ 1, let Sr (resp. Grm) denote
the iterated smash product of S1 (resp. Gm) with r-factors: S
1 ∧ · · · ∧ S1 (resp.
Gm ∧ · · · ∧ Gm); S
0 = G0m will be by definition equal to the pointed simplicial
presheaf represented by the base scheme X . Let Spt(M) denote Jardine’s category
of symmetric T -spectra onM equipped with the motivic model structure defined in
[10, Thm. 4.15]. The smash product of symmetric T -spectra endows Spt(M) with
the structure of a symmetric monoidal model category [10, Prop. 4.14]. Hence, it is
possible to consider (commutative) ring spectra with unit in Spt(M) and modules
in Spt(M) over a given (commutative) ring spectrum.
We will use the language of triangulated categories. Our main reference will be
[16]. Given a triangulated category, we will write Σ1 (resp. Σ−1) to denote its
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suspension (resp. desuspension) functor; and for n > 0, Σn (resp. Σ−n) will be the
composition of Σ1 (resp. Σ−1) iterated n-times (resp. −n-times). To simplify the
notation, we will write Σ0 for the identity functor.
We will use the following notation in all the categories under consideration: ∗
will denote the terminal object, and ∼= will denote that a map or a functor is an
isomorphism. If a category is simplicial, we will write Map(−,−) for its simplicial
set of morphisms.
1.3. Quillen model categories [24]. We will follow the conventions of [5], in
particular all the Quillen model categories that we will consider will be closed under
arbitrary limits and colimits. Given a Quillen model category A, unless explicitly
stated otherwise we will write Ho(A) for its homotopy category.
1.3.1. Bousfield localization. For details and definitions about Bousfield localization
we refer the reader to Hirschhorn’s book [5]. Let us just mention the following
theorem of Hirschhorn, which guarantees the existence of left and right Bousfield
localizations.
Theorem 1.3.2 (see [5, Thms. 4.1.1 and 5.1.1]). Let A be a Quillen model category
which is cellular and proper. Let L be a set of maps in A and let K be a set of
objects in A. Then:
(1) The left Bousfield localization of A with respect to L exists.
(2) The right Bousfield localization of A with respect to the class of K-colocal
equivalences exists.
The following result guarantees the existence of left and right Bousfield localiza-
tions for the motivic stable homotopy category Spt(M).
Theorem 1.3.3. The Quillen model category Spt(M) is:
(1) cellular (see [8], [6, Cor. 1.6] or [19, Thm. 2.7.4]).
(2) proper (see [10, Thm. 4.15]).
2. Localizing and orthogonal subcategories
Most of the results in this section could be stated in the language of triangulated
categories [16, Ch. 8-9]. However, we will work within the framework of Quillen
model categories which has the advantage that in the applications to motivic ho-
motopy theory, the constructions admit a natural extension to the motivic unstable
homotopy category [23].
In this section, A will be a simplicial [25, II.1, II.2], stable [7, Ch. 7], proper
and cellular Quillen model category. In particular, by 1.3.2 all the left and right
Bousfield localizations that we will consider in this section exist. We will write R
(resp. Q) for a fibrant (resp. cofibrant) replacement functor in A.
Let T denote the homotopy category of A. We will consider T as a triangulated
category where the distinguished triangles are given by the cofibre sequences [25,
I.3] in A and the suspension functor is induced by smashing with respect to the
simplicial circle S1 [7, Def. 6.1.1].
2.1. Localizing subcategories. Let T ′ be a subcategory of T . Recall that T ′ is
a localizing subcategory of T ; if T ′ is a full triangulated subcategory of T , and T ′
is closed under arbitrary coproducts.
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2.1.1. Generators. Let G be a class of objects in T = Ho(A). We will follow the
notation of Neeman [17] and write
Loc(G)(2.1.2)
for the intersection of all the localizing subcategories of T which contain G. We
will say that Loc(G) is the localizing subcategory of T generated by G.
Lemma 2.1.3. Let K be an object in Loc(G) such that for every G ∈ G and every
n ∈ Z: HomLoc(G)(Σ
nG,K) = 0. Then K = ∗.
Proof. Let ⊥K denote the full subcategory of T which consists of objects L ∈ T
satisfying HomT (Σ
nL,K) = 0, for every n ∈ Z. We observe that ⊥K is triangulated
and closed under arbitrary coproducts. By hypothesis G ⊆⊥K, hence Loc(G) ⊆⊥K.
Thus, we conclude that K = ∗. 
Corollary 2.1.4. Let f : M → N be a map in Loc(G) such that for every G ∈ G
and every n ∈ Z, the induced map of abelian groups:
f∗ : HomLoc(G)(Σ
nG,M)→ HomLoc(G)(Σ
nG,N)
is an isomorphism. Then f is an isomorphism.
Proof. Complete f to a distinguished triangle in Loc(G): M → N → K. Since the
maps f∗ above are all isomorphisms, we conclude that for every G ∈ G and every
n ∈ Z: HomLoc(G)(Σ
nG,K) = 0. By 2.1.3, we deduce that K ∼= ∗ in Loc(G). Thus
f :M → N is an isomorphism. 
2.1.5. Presentation of localizing subcategories. From now on we will assume that
G in (2.1.2) is a set. Let RGA denote the right Bousfield localization of A with
respect to the set:
Σ±∞G = {ΣnG : G ∈ G;n ∈ Z}(2.1.6)
Remark 2.1.7. By [5, 5.1.1.(1)(a) and 3.1.8] we can assume that the objects in
Σ±∞G are cofibrant in A.
Let C be a functorial cofibrant replacement inRGA. Recall that A is a simplicial
Quillen model category with fibrant replacement functor R.
Proposition 2.1.8. The homotopy category of RGA, Ho(RGA) is a triangulated
category and the Quillen adjunction (id, id, ϕ) : RGA → A induces an adjunction
between triangulated functors:
(C,R, ϕ) : Ho(RGA)→ T = Ho(A)
Proof. By construction, the suspension functor Σ1 of Ho(A) is induced by the
Quillen adjunction (S1,ΩS1 , ϕ) : A → A. Since Σ
±∞G = Σ1(Σ±∞G), it follows
from [5, 3.3.20(2)(b)] that (S1,ΩS1 , ϕ) : RGA → RGA is a Quillen equivalence.
Thus, RGA is a stable model category and its homotopy category Ho(RGA) is a
triangulated category.
Since the identity functor id : A → RGA is a right Quillen functor, we conclude
that (C,R, ϕ) is an adjunction. By [7, Props. 6.4.1 and 7.1.12] we deduce that C
and R are triangulated functors. 
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Proposition 2.1.9. Let f :M → N be a map in RGA. Then f is a weak equiva-
lence in RGA if and only if for every G ∈ G and every n ∈ Z, the induced map of
abelian groups:
f∗ : HomHo(A)(Σ
nG,M)→ HomHo(A)(Σ
nG,N)
is an isomorphism.
Proof. (⇒): Assume that f is a weak equivalence in RGA, equivalently a Σ
±∞G-
colocal equivalence in A [5, 5.1.1(1)(a)]. By 2.1.7, we can assume that all the
objects in Σ±∞G are cofibrant in A. Hence, for every H in Σ±∞G the following
maps are weak equivalences of simplicial sets [5, 3.1.8]:
Map(H,RX)
(Rf)∗ // Map(H,RY )
SinceA is a simplicial model category andH is cofibrant, we deduce thatMap(H,RX)
and Map(H,RY ) are both Kan complexes. Thus, for every r ≥ 0 and every
H ∈ Σ±∞G the following diagram commutes, where the top row and the vertical
maps are all isomorphisms of abelian groups:
πrMap(H,RX)
(Rf)∗
∼=
//
∼=

πrMap(H,RY )
∼=

HomHo(A)(Σ
rH,X)
f∗
// HomHo(A)(Σ
rH,Y )
Therefore, for every G ∈ G (see 2.1.6) and every n ∈ Z the map:
HomHo(A)(Σ
nG,X)
f∗
// HomHo(A)(Σ
nG, Y )
is an isomorphism of abelian groups.
(⇐): Fix H ∈ Σ±∞G. Let ω0, η0 denote the base points of Map(H,R) and
Map(H,RY ) respectively. It suffices to show that the map:
Map(H,RX)
(Rf)∗ // Map(H,RY )
is a weak equivalence of simplicial sets [5, 5.1.1(1)(a) and 3.1.8].
Since A is a pointed simplicial model category, lemma 6.1.2 in [7] implies that
for k ≥ 0 the following diagram commutes:
πk,ω0Map(H,RX)
(Rf)∗ //
∼=

πk,η0Map(H,RY )
∼=

HomHo(A)(Σ
kH,X)
f∗ // HomHo(A)(Σ
kH,Y )
By hypothesis the bottom row is an isomorphism of abelian groups, thus we deduce
that all the maps in the top row are also isomorphisms. Therefore, for every H ∈
Σ±∞G, the induced map of simplicial sets:
Map(H,RX)
(Rf)∗ // Map(H,RY )
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is a weak equivalence when it is restricted to the path component of Map(H,RX)
containing ω0. We observe that Σ
−1H is also in Σ±∞G, hence the following map:
Map(S1,Map(Σ−1H,RX)) // Map(S1,Map(Σ−1H,RY ))
is a weak equivalence of simplicial sets, since taking S1-loops kills the path com-
ponents that do not contain the base point. Then, we observe that the rows in
the following commutative diagram are isomorphisms, since A is a simplicial stable
model category:
Map(S1,Map(Σ−1H,RX))
∼= //

Map(H,RX)
(Rf)∗

Map(S1,Map(Σ−1H,RY )) ∼=
// Map(H,RY )
Hence, the two out of three property for weak equivalences implies that the (Rf)∗
is a weak equivalence of simplicial sets. 
Theorem 2.1.10. Assume that all the objects in G are compact in Loc(G) in
the sense of Neeman [15, Def. 1.6]. Then, Loc(G) is naturally equivalent as a
triangulated category to the homotopy category Ho(RGA).
Proof. Combining 2.1.3 with the compactness of the objects in G, we conclude that
Loc(G) is compactly generated in the sense of Neeman [15, Def. 1.7]. Thus, by
Neeman’s version of Brown representability [15, Thm. 4.1], we deduce that the
inclusion i : Loc(G)→ T admits a right adjoint r.
Let η denote the counit of the adjunction (i, r, ϕ) : Loc(G) → T , and let K ∈
RGA be an arbitrary cofibrant and fibrant object. We observe that for every G ∈ G
and every n ∈ Z, ΣnG is in Loc(G). Since i is a full embedding, we deduce:
HomHo(A)(Σ
nG, i◦r(K)) = HomHo(A)(i(Σ
nG), i◦r(K)) = HomLoc(G)(Σ
nG, r(K))
Thus, by adjointness:
HomHo(A)(Σ
nG, i ◦ r(K)) = HomLoc(G)(Σ
nG, r(K))
∼= HomHo(A)(i(Σ
nG),K) = HomHo(A)(Σ
nG,K)
Hence, we deduce that for every G ∈ G, and every n ∈ Z, the induced map of
abelian groups:
ηK∗ : HomHo(A)(Σ
nG, i ◦ r(K))→ HomHo(A)(Σ
nG,K)
is an isomorphism. Thus, by 2.1.9 we conclude that the map R(ηK) : R(i◦r(K))→
K in Ho(RGA) is an isomorphism. This implies that the triangulated functor
R ◦ i : Loc(G) → Ho(RGA) is essentially surjective on objects. Thus, it only
remains to check that R ◦ i is fully faithful.
By 2.1.7, we can assume that the objects in Σ±∞G are cofibrant in A. Thus, it
follows from [5, 5.1.6] that the objects in Loc(G) are all cofibrant in RGA. Then,
by [5, 3.5.2(2)] we deduce that R ◦ i is fully faithful, since all the objects in Loc(G)
are cofibrant in RGA and hence colocal in A [5, 5.1.5 and 5.1.6]. 
Corollary 2.1.11. Assume that all the objects in G are compact in Loc(G) in
the sense of Neeman [15, Def. 1.6]. Then, Ho(RGA) is a compactly generated
triangulated category in the sense of Neeman [15, Def. 1.6], with Σ±∞G (see 2.1.6)
as set of compact generators [15, Def. 1.8].
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Proof. By 2.1.10 it suffices to show that Loc(G) is compactly generated with set
of generators given by Σ±∞G. But this follows directly from 2.1.3 since we are
assuming that G is a set, and that all its objects are compact. 
2.2. Orthogonal subcategories. Given a triangulated subcategory T ′ of T , let
T ′⊥ (resp. ⊥T ′) denote the full subcategory of T with objects K such that for every
A ∈ T ′, HomT (A,K) = 0 (resp. HomT (K,A) = 0).
Lemma 2.2.1. Let T ′ be triangulated subcategory of T , then T ′⊥ and ⊥T ′ are full
triangulated subcategories of T .
Proof. By definition T ′⊥ and ⊥T ′ are full subcategories of T . Thus, it suffices to
check that they are triangulated. But this follows immediately from the fact that
the functor HomT (A,−) (resp. HomT (−, A)) is homological (resp. cohomological)
for every A ∈ T (see [16, Def. 1.1.7]). 
2.2.2. Presentation of orthogonal subcategories. From now on we will assume that
G in (2.1.2) is a set. Our goal is to find a presentacion for Loc(G)⊥. Let LGA
denote the left Bousfield localization of A with respect to the set of maps:
MG = {Σ
nG→ ∗ : G ∈ G, n ∈ Z}(2.2.3)
Remark 2.2.4. Taking F = U = id in [5, 3.3.20.(1)(b)] we can assume that the
objects ΣnG appearing as domains in MG are cofibrant in A.
Let L be a functorial fibrant replacement in LGA. Recall that A is a simplicial
Quillen model category with cofibrant replacement functor Q.
Proposition 2.2.5. The homotopy category of LGA, Ho(LGA) is a triangulated
category and the Quillen adjunction (id, id, ϕ) : A → LGA induces an adjunction
between triangulated functors:
(Q,L, ϕ) : T = Ho(A)→ Ho(LGA)
Proof. By construction, the suspension functor Σ1 of Ho(A) is induced by the
Quillen adjunction (S1,ΩS1 , ϕ) : A → A. Since MG = Σ
1(MG), it follows from [5,
3.3.20(1)(b)] that (S1,ΩS1 , ϕ) : LGA → LGA is a Quillen equivalence. Thus, LGA
is a stable model category and its homotopy category Ho(LGA) is a triangulated
category.
Since the identity functor id : A → LGA is a left Quillen functor, we conclude
that (Q,L, ϕ) is an adjunction. By [7, Props. 6.4.1 and 7.1.12] we deduce that Q
and L are triangulated functors. 
Example 2.2.6. Let W be a set consisting of maps in A. Let LWA denote the
left Bousfield localization of A with respect to the set of maps:
sW = {Σnf : f ∈W,n ∈ Z}
LWA admits a description as in 2.2.2, 2.2.3. For this, consider the set of objects
GW in A which complete the maps in W to cofibre sequences in A (distinguished
triangles in Ho(A)). Namely, there is a bijection of sets W → GW , f 7→ Gf such
that for every f : E → F in W , Gf fits in a cofibre sequence in A: E → F → Gf .
Let LGWA be the left Bousfield localization of A with respect to the set of maps
MGW (see 2.2.3).
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Let L be a functorial fibrant replacement in LWA. Recall that A is a simplicial
Quillen model category with cofibrant replacement functor Q.
Lemma 2.2.7. (1) The homotopy category of LWA, Ho(LWA) is a triangu-
lated category and the Quillen adjunction (id, id, ϕ) : A → LWA induces
an adjunction between triangulated functors:
(Q,L, ϕ) : T = Ho(A)→ Ho(LWA)
(2) Let G ∈ GW and Σ
nG → ∗ a map in MGW (see 2.2.3). Then Σ
nG → ∗
becomes an isomorphism in Ho(LWA).
(3) Let G ∈ GW . Then the map G→ ∗ is an isomorphism in Ho(LGWA).
(4) Let f be a map in sW (see 2.2.6). Then f becomes an isomorphism in
Ho(LGWA).
Proof. (1): It follows using the same argument as in 2.2.5.
(2) By 2.2.7(1) it suffices to show that G → ∗ becomes an isomorphism in
Ho(LWA). By construction of GW , there exists a map f : E → F in W , such
that E
f // F // G is a distinguished triangle in Ho(A). Thus, by 2.2.7(1)
it suffices to check that f becomes an isomorphism in Ho(LWA). This follows
directly from the definition of LWA and the universal property of left Bousfield
localizations [5, 3.1.1.(1)(a) and 3.3.19.(1)].
(3): This follows directly from the construction of LGWA and [5, 3.1.1.(1)(a) and
3.3.19.(1)].
(4): By 2.2.5 we can assume that f is in W (see 2.2.6). By construction there is
a distinguished triangle in Ho(A) with G ∈ GW : E
f // F // G . Combining
2.2.7(3) and 2.2.5 we deduce that f becomes an isomorphism in Ho(LGWA). 
Proposition 2.2.8. The identity functor:
(id, id, ϕ) : LWA → LGWA
is a Quillen equivalence.
Proof. Since LWA, LGWA are left Bousfield localizations of A, we deduce that
they are simplicial model categories with the same cofibrant replacement functor
Q. Thus, it suffices to show that they have the same class of weak equivalences.
By [5, 9.7.4], it is enough to check that the fibrant objects in LWA and LGWA are
the same.
For this, it suffices to show [5, 3.1.6.(c) and 4.1.1.(2)] that the identity functor
id : LWA → LGWA (resp. id : LGWA → LWA) is a left Quillen functor. We
consider the following diagram, where the arrows are left Quillen functors:
A
id //
id

LGWA
LWA
By 2.2.7(4) (resp. 2.2.7(2)), the maps in sW (resp. MGW ) become isomorphisms
in Ho(LGWA) (resp. Ho(LWA)). Thus, the universal property of left Bousfield
localizations [5, 3.3.19.(1) and 3.1.1.(1)] implies that id : LWA → LGWA (resp.
id : LGWA → LWA) is a left Quillen functor. 
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The next two lemmas characterize the fibrant objects in LGA. Recall that L is
a fibrant replacement functor in LGA.
Lemma 2.2.9. Let K be an arbitrary object in Ho(LGA). Then LK is in Loc(G)
⊥.
Proof. We will assume that the objects ΣnG appearing as domains in MG (see
(2.2.3)) are cofibrant in A (see 2.2.4). The universal property of left Bousfield
localizations [5, 3.3.19.(1) and 3.1.1.(1)] implies that for every n ∈ Z and every
G ∈ G, the map ΣnG→ ∗ is an isomorphism in Ho(LGA). By adjointness:
HomT (Σ
nG,LK) ∼= HomHo(LGA)(Σ
nG,K) = 0
for every n ∈ Z and every G ∈ G. Thus, we conclude that G is contained in ⊥LK,
where ⊥LK is the full subcategory of T = Ho(A) with objects A such that for
every n ∈ Z, HomT (Σ
nA,LK) = 0.
We observe that ⊥LK is a full triangulated subcategory of T (see 2.2.1) and is
closed under arbitrary coproducts. Thus, Loc(G) ⊆⊥LK, i.e. LK ∈ Loc(G)⊥. 
Lemma 2.2.10. Let K be a fibrant object in A. Assume that K is in Loc(G)⊥.
Then K is also fibrant in LGA.
Proof. We will assume that the objects ΣnG appearing as domains in MG (see
(2.2.3)) are cofibrant in A (see 2.2.4). By [5, 3.1.4.(1)(a) and 4.1.1] it suffices to
show that the map: ∗ = Map(∗,K) → Map(ΣnG,K), is a weak equivalence of
simplicial sets for every n ∈ Z and every G ∈ G.
Let ω be a base point for Map(ΣnG,K). Since A is a simplicial model category,
we deduce π0Map(Σ
nG,K) ∼= HomT (Σ
nG,K) which is zero by hypothesis when
G ∈ G. Thus, we conclude that Map(ΣnG,K) has only one connected component,
and as a consequence it suffices to show that for r ≥ 1 the homotopy groups
πr,ωMap(Σ
nG,K) = ∗.
By [8, Lem. 6.1.2], we conclude πr,ωMap(Σ
nG,K) ∼= HomT (Σ
n+rG,K) which
vanishes by hypothesis. Hence the result follows. 
The following theorem is the main result of this section.
Theorem 2.2.11. Assume that G is a set. Then, Loc(G)⊥ is naturally equivalent
as a triangulated category to the homotopy category Ho(LGA).
Proof. Combining 2.2.5 and 2.2.9, we deduce that the triangulated functor L :
Ho(LGA)→ T = Ho(A), factors through the inclusion j : Loc(G)
⊥ → T , which is
also a triangulated functor.
We will abuse notation and write L : Ho(LGA)→ Loc(G)
⊥ for the corresponding
factorization. By [5, 3.5.2(1)], we conclude that L is fully faithful. Finally, lemma
2.2.10 implies that L is essentially surjective on objects, and so an equivalence of
triangulated categories. 
Corollary 2.2.12. Assume that G is a set. Then, Loc(G)⊥ is a localizing subcat-
egory of T = Ho(A).
Proof. Recall (see 1.3) that A is in particular closed under arbitrary coproducts.
Thus, by 2.2.11 we deduce that Loc(G)⊥ is closed under arbitrary coproducts.
Therefore, the result follows from 2.2.1. 
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We are particularly interested in conditions that guarantee that Loc(G)⊥ is a
compactly generated triangulated category in the sense of Neeman [15, Def. 1.6].
Recall that L is a functorial fibrant replacement in LGA.
Theorem 2.2.13. Assume that G is a set and that T = Ho(A) is a compactly
generated triangulated category in the sense of Neeman [15, Def. 1.6], with set
of compact generators K [15, Def. 1.8]. Then, Loc(G)⊥ is a compactly generated
triangulated category in the sense of Neeman, with set of compact generators:
LK = {LK : K ∈ K}.
Proof. By 2.2.11, it suffices to show that Ho(LGA) is compactly generated with
generators {LK : K ∈ K}.
Let B ∈ Ho(LGA) such that for every K ∈ K: HomHo(LGA)(LK,B) = 0. Then
B ∼= ∗ in Ho(LGA). In effect, we may assume that B is fibrant in LGA, then by
adjointness:
HomT (K,B) ∼= HomHo(LGA)(K,B) = HomHo(LGA)(LK,B) = 0
Since K is a set of compact generators for T , we deduce that B ∼= ∗ in T . By [5,
3.3.3.(1)(a)] we conclude that B ∼= ∗ in Ho(LGA).
It only remains to show that the objects in LK = {LK : K ∈ K} are compact
in Ho(LGA). Let Bλ be a family of objects in Ho(LGA) indexed by a set Λ. We
need to show:
HomHo(LGA)(LK,⊕λ∈ΛBλ)
∼= ⊕λ∈ΛHomHo(LGA)(LK,Bλ)
We may assume that ⊕λ∈ΛBλ is fibrant in LGA. By 2.2.10, we deduce that for
every λ ∈ Λ, Bλ is also fibrant in LGA. By adjointness and the compactness of K
in T :
HomHo(LGA)(LK,⊕λ∈ΛBλ) = HomHo(LGA)(K,⊕λ∈ΛBλ)
∼= HomT (K,⊕λ∈ΛBλ)
∼= ⊕λ∈ΛHomT (K,Bλ) ∼= ⊕λ∈ΛHomHo(LGA)(K,Bλ)
= ⊕λ∈ΛHomHo(LGA)(LK,Bλ)
Hence the result follows. 
We obtain the following interesting corollaries, where L is a functorial fibrant
replacement in LGA.
Corollary 2.2.14. Assume that G is a set and that T = Ho(A) is a compactly
generated triangulated category in the sense of Neeman [15, Def. 1.6], with set of
compact generators K [15, Def. 1.8]. Then, Loc(G)⊥ = Loc(LK) (see 2.1.2).
Proof. It follows from 2.2.13 and [15, Thm. 2.1(2.1.2)]. 
With the notation of 2.1.5, 2.1.6 let RLKA be the right Bousfield localization of
A with respect to the set: {ΣnLK : K ∈ K, n ∈ Z}.
Corollary 2.2.15. Assume that G is a set and that T = Ho(A) is a compactly
generated triangulated category in the sense of Neeman [15, Def. 1.6], with set of
compact generators K [15, Def. 1.8]. Then, Loc(G)⊥ is naturally equivalent as a
triangulated category to the homotopy category Ho(RLKA).
Proof. By 2.2.14, Loc(G)⊥ = Loc(LK). Hence, the result follows from 2.2.13 and
2.1.10. 
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Combining 2.2.11 and 2.2.15 we obtain two different presentations for Loc(G)⊥,
one as a left Bousfield localization and the other as a right Bousfield localization:
Corollary 2.2.16. Assume that G is a set and that T = Ho(A) is a compactly
generated triangulated category in the sense of Neeman [15, Def. 1.6], with set of
compact generators K [15, Def. 1.8]. Then,
Loc(G)⊥ ∼= Ho(LGA) ∼= Ho(RLKA)
are naturally equivalent as triangulated categories.
3. Weakly Birational Coverings and the Weakly Birational Tower
In [21] we introduced the birational (resp. weakly birational) motivic stable
homotopy categories. In this section, after recalling their definition we show that
we can apply to them the formalism of §2 and then use this formalism to construct
the (weakly) birational coverings and the birational tower in the Morel-Voevodsky
motivic stable homotopy category.
Recall that Spt(M) is Jardine’s category of symmetric T -spectra onM equipped
with the motivic model structure [10, theorem 4.15]. We will write SH for its
homotopy category, which is triangulated.
3.1. Birational motivic stable homotopy categories. We will use Jardine’s
notation [10, p. 506-507]. Namely, let Fn denote the left adjoint to the n-evaluation
functor:
Spt(M)
evn //M
(Em)m≥0
✤ // En
Notice that F0(A) is just the usual infinite suspension spectrum Σ
∞
T A. The sphere
spectrum 1 is F0(S
0).
3.1.1. Generators for SH. Recall that SH is a compactly generated triangulated
category in the sense of Neeman [15, Def. 1.7] with set of compact generators [19,
Prop. 3.1.5]:
GSH = {Fn(S
p ∧Gqm ∧ U+) : U ∈ SmX ;n, p, q ≥ 0}.(3.1.2)
where U+ denotes the simplicial presheaf represented by U with a disjoint base
point.
Remark 3.1.3. The desuspension functor Σ−1 : SH → SH can be written in this
notation as E 7→ F1(Gm ∧ E). If q > 0, we will write G
−q
m ∧ E for Fq(S
q ∧ E).
3.1.4. Codimension. Let Y ∈ SchX , and Z a closed subscheme of Y . The codimen-
sion of Z in Y (see [24, section 7.5]), codimY Z is the infimum (over the generic
points zi of Z) of the dimensions of the local rings OY,zi .
Since X is Noetherian of finite Krull dimension and Y is of finite type over X ,
codimY Z is always finite.
3.1.5. Open immersions. Let n ≥ 0 be an integer, and consider the following set of
open immersions which have a closed complement of codimension at least n+ 1
Bn = {ιU,Y :U → Y open immersion |
Y ∈ SmX ;Y irreducible; (codimY Y \U) ≥ n+ 1}
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3.1.6. Open immersions with smooth complement. Let n ≥ 0, and consider the
following set of open immersions with smooth closed complement of codimension
at least n+ 1
WBn = {ιU,Y :U → Y open immersion |
Y, Z = Y \U ∈ SmX ;Y irreducible; (codimY Z) ≥ n+ 1}
Now we will study the left Bousfield localizations of Spt(M) with respect to a
suitable set of maps induced by the families of open immersions Bn,WBn described
above.
3.1.7. First presentation. Let n ∈ Z be an arbitrary integer.
(1) We will write BnSpt(M) (resp. WBnSpt(M)) for the left Bousfield local-
ization of Spt(M) with respect to the set of maps:
sBn = {Fp(G
b
m ∧ ιU,Y ) : b, p, r ≥ 0, b− p ≥ n− r; ιU,Y ∈ Br}
(resp. sWBn = {Fp(G
b
m ∧ ιU,Y ) : b, p, r ≥ 0, b− p ≥ n− r; ιU,Y ∈ WBr}).
(2) We will write b(n) (resp. wb(n)) for a fibrant replacement functor in BnSpt(M)
(resp. WBnSpt(M)) and SH(Bn) (resp. SH(WBn)) for its associated ho-
motopy category.
For n 6= 0 we will call SH(Bn) (resp. SH(WBn)) the codimension (n+1)-birational
motivic stable homotopy category (resp. codimension (n + 1)-weakly birational
motivic stable homotopy category), and for n = 0 we will call it the birational
motivic stable homotopy category (resp. weakly birational motivic stable homotopy
category).
3.1.8. Second presentation.
(1) Let GBn (resp. GWBn) be the set of objects in Spt(M) which complete the
maps in sBn (resp. sWBn) to cofibre sequences in Spt(M), i.e. distin-
guished triangles in SH. Namely, there is a bijection of sets sBn → GBn
(resp. sWBn → GWBn), f 7→ Gf such that for every f : E → F in sBn
(resp. sWBn), Gf fits in a cofibre sequence in Spt(M): E → F → Gf .
(2) Let LGBnSpt(M) (resp. LGWBnSpt(M)) be the left Bousfield localization
of Spt(M) with respect to the set of maps MGBn (resp. MGWBn ), see 2.2.3.
(3) We will write Loc(GBn) (resp. Loc(GWBn)) for the localizing subcategory
of SH generated by GBn (resp. GWBn).
(4) We will write B⊥n (resp. WB
⊥
n ) for Loc(GBn)
⊥ (resp. Loc(GWBn)
⊥) in SH.
Theorem 3.1.9. The identity functor:
id : BnSpt(M)→ LGBnSpt(M)
(resp. id :WBnSpt(M)→ LGWBnSpt(M)).
is a Quillen equivalence.
Proof. We just need to consider the first claim, the proof being exactly the same
in the second case. By 2.2.6 and 2.2.8, it suffices to check that BnSpt(M) (see
3.1.7) is also the left Bousfield localization of Spt(M) with respect to the set of
maps {Σrf : f ∈ sBn; r ≥ 0}. This follows directly from Lemma 2.5 in [21] and the
universal property of left Bousfield localizations [5, 3.1.1.(1)(a) and 3.3.19.(1)]. 
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3.1.10. Third presentation. Recall that b(n) (resp. wb(n)) is a fibrant replacement
functor in BnSpt(M) (resp. WBnSpt(M)). By 3.1.9, b
(n) (resp. wb(n)) is also a
fibrant replacement functor in LGBnSpt(M) (resp. LGWBnSpt(M)). We will write
Rb(n)GSHSpt(M) (resp. Rwb(n)GSHSpt(M)) for the right Bousfield localization of
Spt(M) with respect to the set (see 3.1.2 and 2.1.5, 2.1.6):
{Σm(b(n)G) : G ∈ GSH,m ∈ Z}
(resp. {Σm(wb(n)G) : G ∈ GSH,m ∈ Z}).
Recall that B⊥n , WB
⊥
n is respectively Loc(GBn)
⊥ and Loc(GWBn)
⊥.
Theorem 3.1.11. The following:
SH(Bn) ∼= B
⊥
n
∼= Ho(Rb(n)GSHSpt(M))
(resp. SH(WBn) ∼=WB
⊥
n
∼= Ho(Rwb(n)GSHSpt(M))).
are naturally equivalent as triangulated categories.
Proof. We just need to consider the first claim, the proof being exactly the same
in the second case. By 3.1.1, SH is compactly generated with set of compact
generators GSH . Hence the result follows by combining 3.1.9 and 2.2.16. 
Recall that GSH is a set of compact generators for SH (see 3.1.2).
Corollary 3.1.12. The inclusion (see 3.1.8(4)):
jn : B
⊥
n → SH
(resp. jn :WB
⊥
n → SH)
is a triangulated functor which commutes with arbitrary coproducts. In addition,
B⊥n (resp. WB
⊥
n ) is a compactly generated triangulated category in the sense of
Neeman [15, Def. 1.7] with set of compact generators:
b(n)GSH = {Σ
m(b(n)G) : G ∈ GSH,m ∈ Z}
(resp. wb(n)GSH = {Σ
m(wb(n)G) : G ∈ GSH,m ∈ Z}).
Proof. We just need to consider the first claim, the proof being exactly the same in
the second case. It is clear that the inclusion B⊥n → SH is a triangulated functor
and that it respects arbitrary coproducts. By 3.1.1, SH is compactly generated
with set of compact generators GSH . The compactness of B
⊥
n follows from 3.1.11
and 2.2.13. 
3.1.13. Voevodsky’s effective categories. For every integer q ∈ Z, consider the fol-
lowing family of symmetric T -spectra:
Cqeff = {Fn(S
r ∧Gsm ∧ U+) | n, r, s ≥ 0; s− n ≥ q;U ∈ SmX}(3.1.14)
Voevodsky [32] defines the q-effective motivic stable homotopy category ΣqTSH
eff to
be Loc(Cqeff ) (see 2.1.2), i.e. Σ
q
TSH
eff is the smallest full triangulated subcategory
of SH which contains Cqeff and is closed under arbitrary coproducts. When q = 0
we will simply write SHeff for Σ0TSH
eff .
Definition 3.1.15. Let E ∈ Spt(M) be a symmetric T -spectrum. We will say
that E is n-orthogonal, if for all K ∈ ΣnTSH
eff : HomSH(K,E) = 0. Let SH
⊥(n)
denote the full subcategory of SH consisting of the n-orthogonal objects.
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Theorem 3.1.16. Let n be an arbitrary integer. Then the full triangulated sub-
categories of SH: WB⊥n and SH
⊥(n+ 1) are identical (see 3.1.8(4)). In addition,
if the base scheme X = Spec(k), with k a perfect field, then the full triangulated
subcategories of SH: B⊥n and SH
⊥(n+ 1) are identical.
Proof. By 3.1.9 and 2.2.11, WB⊥n is naturally isomorphic as triangulated category
to Ho(WBnSpt(M)) = SH(WBn). On the other hand, by [21, Thms. 1.4(2)
and 3.6], SH⊥(n + 1) is also naturally isomorphic as triangulated category to
Ho(WBnSpt(M)) = SH(WBn).
Then, the result follows combining 2.2.9, 2.2.10 and [21, Prop. 3.5]. The case of
a perfect field follows from Prop. 2.12 in [21]. 
Recall that for q > 0, G−qm ∧ E is Fq(S
q ∧ E) (see 3.1.3).
Corollary 3.1.17. Let E be an arbitrary symmetric T -spectrum in SH, and n, q
be arbitrary integers. Then E is in WB⊥n if and only if G
q
m ∧ E is in WB
⊥
n+q.
Proof. By 3.1.16, it follows thatWB⊥n is equal to SH
⊥(n+1), which by definition is
(Σn+1T SH
eff )⊥ (see 3.1.15). To conclude, we observe that the triangulated functor
Gqm : SH → SH, E 7→ G
q
m ∧ E; admits an inverse (E 7→ G
−q
m ∧ E) and maps
Σn+1T SH
eff surjectively onto Σn+q+1T SH
eff . 
3.2. The weakly birational tower. In this section q will be an arbitrary integer.
By construction there is an inclusion sWBq+1 ⊆ sWBq of sets of maps in Spt(M)
(see 3.1.5, 3.1.6, 3.1.7(1)), and hence an inclusion GWBq+1 ⊆ GWBq of sets of objects
in Spt(M) (see 3.1.8(1)).
Thus, we deduce that Loc(GWBq+1 ) ⊆ Loc(GWBq ); and as a consequence (see
3.1.8(4)):
WB⊥q ⊆WB
⊥
q+1.
which are localizing subcategories of SH (see 2.2.12 and 3.1.8(4)). Therefore, we
obtain the following tower of localizing subcategories in SH:
· · · ⊆WB⊥q−1 ⊆WB
⊥
q ⊆WB
⊥
q+1 ⊆ · · ·(3.2.1)
Proposition 3.2.2. The inclusion, jq :WB
⊥
q → SH admits a right adjoint:
pq : SH →WB
⊥
q ,
which is also a triangulated functor.
Proof. The result follows by combining 3.1.12 and theorem 4.1 in [15]. 
Remark 3.2.3. Since the inclusion jq : WB
⊥
q → SH is a full embedding, we deduce
that the unit of the adjunction id
τ
→ pqjq is a natural isomorphism.
3.2.4. Weakly birational cover. We define wbcq = jqpq. Then clearly wb
c
q ◦ wb
c
q+1 =
wbcq and there exists a canonical natural transformation wb
c
q → wb
c
q+1.
The following proposition is well-known.
Proposition 3.2.5. The counit wbcq = jqpq
θq
→ id of the adjunction constructed in
3.2.2 satisfies the following universal property:
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For any symmetric T -spectrum E in SH and for any F ∈ WB⊥q , the map
θEq : wb
c
qE → E in SH induces an isomorphism of abelian groups:
HomSH(F,wb
c
qE) ∼=
θEq∗ // HomSH(F,E)
Proof. If F ∈WB⊥q , then HomSH(F,E) = HomSH(jqF,E). By adjointness:
HomSH(jqF,E) ∼= HomWB⊥q (F, pqE).
Since WB⊥q is a full subcategory of SH, we deduce that:
HomWB⊥q (F, pqE) = HomSH(jqF, jqpqE) = HomSH(F,wb
c
qE).
This finishes the proof. 
Corollary 3.2.6. Let E be an arbitrary symmetric T -spectrum in SH. Then, the
natural map θEq : wb
c
qE → E is an isomorphism in SH if and only if E belongs to
WB⊥q .
Proof. By 2.2.12, we conclude that WB⊥q is a localizing subcategory of SH.
First, we assume that θEq is an isomorphism in SH. Then, by construction wb
c
qE
is in WB⊥q (see 3.2.2 and 3.2.4). Hence, we deduce that E is also in WB
⊥
q since it
is a localizing subcategory of SH.
Finally, we assume that E is in WB⊥q which is a localizing subcategory of SH.
Thus, θEq is a map in WB
⊥
q since wb
c
qE is in WB
⊥
q by construction. Therefore, by
3.2.5 we deduce that θEq is an isomorphism in WB
⊥
q , and hence an isomorphism in
SH. 
Theorem 3.2.7. There exist triangulated functors:
wbq+1/q : SH // SH
together with natural transformations:
πq+1 : wb
c
q+1
// wbq+1/q
σq+1 : wbq+1/q // Σ
1wbcq
such that for any symmetric T -spectrum E in SH the following conditions hold:
(1) There is a distinguished triangle in SH:
(3.2.8) wbcqE // wb
c
q+1E
πq+1 // wbq+1/qE
σq+1 // Σ1wbcqE
(2) wbq+1/qE is in WB
⊥
q+1.
(3) wbq+1/qE is in (WB
⊥
q )
⊥. Namely, for any F in WB⊥q :
HomSH(F,wbq+1/qE) = 0.
Proof. By 3.1.12, the triangulated categories WB⊥q and WB
⊥
q+1 are compactly
generated. Thus, the result follows from propositions 9.1.19 and 9.1.8 in [16]. 
Theorem 3.2.9. There exist triangulated functors:
wb>q : SH // SH
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together with natural transformations:
π>q : id // wb>q
σ>q : wb>q // Σ1wbcq
such that for any symmetric T -spectrum E in SH the following conditions hold:
(1) There is a distinguished triangle in SH:
(3.2.10) wbcqE
// E
π>q // wb>qE
σ>q // Σ1wbcqE
(2) wb>qE is in (WB
⊥
q )
⊥. Namely, for any F in WB⊥q :
HomSH(F,wb>qE) = 0.
Proof. By 3.1.1 and 3.1.12, the triangulated categories SH andWB⊥q are compactly
generated. Thus, the result follows from propositions 9.1.19 and 9.1.8 in [16]. 
Theorem 3.2.11. For any symmetric T -spectrum E in SH, there exists the fol-
lowing commutative diagram in SH:
wbcqE // wb
c
q+1E
πq+1 //

wbq+1/qE
σq+1 //

Σ1wbcqE
wbcqE //

E
π>q //
π>q+1

wb>qE
σ>q //

Σ1wbcqE

∗ //

wb>q+1E
σ>q+1

wb>q+1E //

∗

Σ1wbcqE // Σ
1wbcq+1E
Σ1πq+1
// Σ1wbq+1/qE
Σ1σq+1
// Σ2wbcqE
where all the rows and columns are distinguished triangles in SH.
Proof. The result follows from 3.2.7, 3.2.9 and the octahedral axiom applied to the
following commutative diagram:
wbcqE
//
""❉
❉❉
❉❉
❉❉
❉
wbcq+1E
{{✇✇
✇✇
✇✇
✇✇
E

3.2.12. The spectral sequence. By 3.2.11, for every symmetric T -spectrum E in SH
there is a tower in SH:
· · · // wbc−1(E)
θE−1
❏❏❏
$$❏
❏❏
❏
// wbc0(E)
θE0

// wbc1(E) //
θE1
✉✉
✉
zz✉✉
✉✉
· · ·
E
(3.2.13)
We will call (3.2.13) the weakly birational tower of E.
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Remark 3.2.14. By 3.2.2 and 3.2.4, the weakly birational tower (3.2.13) is functorial
with respect to morphisms in SH.
Theorem 3.2.15. Let G,K be arbitrary symmetric T -spectra in SH. Then there is
a spectral sequence of homological type with term E1p,q = HomSH(G,Σ
q−pwbp/p−1K)
and where the abutment is given by the associated graded group for the filtration F•
of HomSH(G,K) defined by the image of θ
K
p∗ : HomSH(G,wb
c
pK)→ HomSH(G,K),
or equivalently the kernel of π>q : HomSH(G,K)→ HomSH(G,wb>qK).
Proof. Since SH is a triangulated category, the result follows from 3.2.11 and 3.2.13.

Remark 3.2.16. The constructions of this section can be carried out as well using
the tower (see 3.1.8):
· · · ⊆ B⊥q−1 ⊆ B
⊥
q ⊆ B
⊥
q+1 ⊆ · · ·(3.2.17)
and it follows from 3.1.16 that both constructions are canonically isomorphic when
the base scheme X is of the form Spec(k) with k a perfect field.
4. Rational Coefficients
The main result of this section is 4.2.1, which describes the weakly birational
tower with rational coefficients.
4.1. Q-local spectra. Recall that a symmetric T -spectrum E in Spt(M) is Q-local
if the abelian group HomSH(Σ
p(Gqm ∧ Y+), E) is a Q-vector space for every Y in
SmX and every p, q in Z [12, Remark 4.3.3], and that a map f : E → F in Spt(M)
is a rational weak equivalence if for every Y in SmX and every p, q in Z the induced
map f∗⊗Q : HomSH(Σ
p(Gqm ∧ Y+), E)⊗Q→ HomSH(Σ
p(Gqm ∧ Y+), F )⊗Q is an
isomorphism of Q-vector spaces [12, Remark 4.3.3].
The work of Morel [12, §5.2 p.246 and Remark 4.3.3] shows that the left Bousfield
localization of Spt(M) with respect to the rational weak equivalences exists. We
will write Spt(M)Q for this left Bousfield localization, and SHQ for its homotopy
category.
Recall that 1 is the sphere spectrum in SH. The rational Moore spectrum 1Q
in Spt(M) is defined to be the homotopy colimit of the filtering diagram:
1
2 // 1
3 // · · ·
n // 1
n+1 // · · ·
where 1
n
→ 1 is the composition of the sum map with the diagonal 1
∆
→ ⊕ni=11
∑
→ 1.
Let u : 1→ 1Q be the canonical map. A concrete model for a Q-localization functor
is given by E 7→ E ∧ 1Q, i.e. E ∧ 1Q is Q-local in SH and the map E ∧ (1
u
→ 1Q)
is a rational weak equivalence.
Lemma 4.1.1. Let E be a Q-local symmetric T -spectrum in SH. Then the map
E ∧ u : E → E ∧ 1Q is an isomorphism in SH.
Proof. Since SH is a compactly generated category in the sense of Neeman (see
3.1.1); it suffices to show that for every compact generator G ∈ GSH (see 3.1.2) the
map induced by E ∧ u, HomSH(G,E)→ HomSH(G,E ∧ 1Q) is an isomorphism of
abelian groups. We observe that E ∧ 1Q is the homotopy colimit of the diagram:
E
2 // E
3 // · · ·
n // E
n+1 // · · ·
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Thus, by [15, Lem. 2.8] we just need to show that for every integer n ≥ 1, the maps
HomSH(G,E)
n
→ HomSH(G,E) are isomorphisms of abelian groups. This follows
directly from the fact that E is Q-local (see 4.1). 
By construction, 1Q is Q-local in SH. Thus, by 4.1.1 we conclude that 1Q∧1Q ∼=
1Q in SH. Hence, we deduce that 1Q is a commutative ring spectrum in SH; with
unit u : 1→ 1Q.
Remark 4.1.2. Combining [4, Prop. 1.4.3] and [4, p.99 (2.3.22.1)-(2.3.22.2)]; we can
assume that 1Q is a commutative ring spectrum with unit in Spt(M).
Proposition 4.1.3. The following conditions on a symmetric T -spectrum E are
equivalent:
(1) E is Q-local (see 4.1),
(2) The map E ∧ u : E → E ∧ 1Q is an isomorphism in SH.
(3) E is a module in SH over 1Q.
(4) There exists a 1Q-module in Spt(M), E
′ which is isomorphic to E in SH.
Proof. (1)⇒(2): This follows from 4.1.1.
(2)⇒(4): It suffices to show that E′ = E ∧ 1Q is a 1Q-module in Spt(M), and
this holds since 1Q is a commutive ring spectrum with unit in Spt(M) (see 4.1.2).
(4)⇒(3): Obvious.
(3)⇒(1): Let µE : E ∧ 1Q → E be the map inducing the 1Q-module structure of
E in SH. We observe that the composition µE ◦ (E ∧ u) : E → E is the identity
on E. Hence E is a direct summand of E ∧ 1Q, which is Q-local by construction.
Thus we conclude that E is also Q-local, since this property is clearly closed under
direct summands (see 4.1). 
4.1.4. Orthogonality and weakly birational covers.
Lemma 4.1.5. Let E be an arbitrary symmetric T -spectrum in SH. Assume that
E belongs to SH⊥(q) for some integer q ∈ Z (see 3.1.15). Then E∧1Q also belongs
to SH⊥(q).
Proof. Combining 3.1.15, 2.2.12 and 3.1.13 we deduce that SH⊥(q) is a localizing
subcategory of SH. By construction, E∧1Q is the homotopy colimit of the diagram:
E
2 // E
3 // · · ·
n // E
n+1 // · · ·
To conclude, we observe that by definition of the homotopy colimit (see [16, Def.
1.6.4]) any localizing subcategory (see 2.1) is closed under homotopy colimits. 
Given an arbitrary integer n ∈ Z, consider the weakly n-birational cover of E
(see 3.2.4, 3.2.5), θEn : wb
c
n(E) → E. Assume that E is a Q-local in SH. By 4.1.3,
we conclude that E ∧ 1Q ∼= E in SH. Thus, taking the Q-localization of θ
E
n we
obtain a commutative triangle in SH:
wbcn(E)
θEn //
wbcn(E)∧u

E
wbcn(E) ∧ 1Q
θEn∧1Q
99ttttttttttt
(4.1.6)
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Combining 4.1.5, 3.1.16 and the universal property of θEn (see 3.2.5), we conclude
that there is a map r : wbcn(E) ∧ 1Q → wb
c
n(E) such that the following triangle in
SH commutes:
wbcn(E)
θEn // E
wbcn(E) ∧ 1Q
θEn ∧1Q
99ttttttttttt
r
OO
(4.1.7)
Lemma 4.1.8. Let E be Q-local spectrum in SH. Then the composition map
r ◦ (wbcn(E) ∧ u) : wb
c
n(E) → wb
c
n(E) is the identity on wb
c
n(E), i.e. wb
c
n(E) is a
direct summand of wbcn(E)∧1Q. Hence, wb
c
n(E) is Q-local and the map wb
c
n(E)∧u :
wbcn(E)→ wb
c
n(E) ∧ 1Q is an isomorphism in SH.
Proof. Since the direct summand of a Q-local object in SH is Q-local (see 4.1), by
4.1.3 it suffices to show that r ◦ (wbcn(E)∧ u) = id. This follows from the universal
property (3.2.5) of θEn and the commutativity of (4.1.7), (4.1.6). 
4.1.9. Voevodsky’s slice tower for orthogonal spectra. Recall that the q-effective mo-
tivic stable homotopy category ΣqTSH
eff (see 3.1.13) is the localizing subcategory
of SH, of the form Loc(Cqeff ) (see 2.1.2 and 3.1.14). Voevodsky [32] defines the slice
filtration in SH to be the family of localizing subcategories:
· · · ⊆ Σq+1T SH
eff ⊆ ΣqTSH
eff ⊆ Σq−1T SH
eff ⊆ · · ·
The work of Neeman [15], [16] shows that the inclusion ΣqTSH
eff iq→ SH admits a
right adjoint SH
rq
→ ΣqTSH
eff [19, Prop. 3.1.12]; and that the functors, SH
fq
→ SH,
SH
sq
→ SH are triangulated, where fq is defined as the composition iq ◦ rq; and
sq is characterized by the fact that for every E ∈ SH, there exists a distinguished
triangle in SH [19, Thms. 3.1.16, 3.1.18]:
fq+1E → fqE → sqE.(4.1.10)
We will refer to fqE as the (q− 1)-connective cover of E, and to sqE as the q-slice
of E.
Remark 4.1.11. It follows directly from the definition that sqE is in SH
⊥(q + 1).
Remark 4.1.12. Since SH is compactly generated in the sense of Neeman (see
3.1.1) with set of compact generators GSH (see 3.1.2), and by construction GSH is
the union of Cqeff for q ∈ Z (see 3.1.14), we conclude that E is the homotopy colimit
of its slice tower: · · · → fnE → fn−1E → fn−2E → · · · .
The sphere spectrum 1 is contained in the localizing subcategory SHeff (see
3.1.13). Thus, 1Q is also contained in SH
eff since localizing subcategories are closed
under homotopy colimits. Consider the triangulated functor, − ∧ 1Q : SH → SH.
Theorem 4.1.13. Let E be an arbitrary symmetric T -spectrum in SH, and p ∈ Z
an arbitrary integer. Then sp(E ∧ 1Q) ∼= sp(E) ∧ 1Q.
Proof. Since 1Q belongs to SH
eff , we deduce that (ΣqTSH
eff ) ∧ 1Q ⊆ (Σ
q
TSH
eff )
for every integer q ∈ Z. Furthermore, it is clear that the functor −∧ 1Q commutes
with filtered homotopy colimits.
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Therefore, by [22, Rmk. 2.13 and Thm. 2.12] it suffices to show that sq(E)∧1Q is
in SH⊥(q+1) for every integer q ∈ Z. This follows from 4.1.5 since by construction
sq(E) belongs to SH
⊥(q + 1) (see 4.1.11). 
Proposition 4.1.14. Let E be a Q-local symmetric T -spectrum in SH. Then for
every integer p ∈ Z, spE is a module in SH over s0(1) ∧ 1Q.
Proof. We observe that E ∼= E ∧ 1Q in SH, since E is Q-local in SH (see 4.1.3).
Thus, by 4.1.13 we deduce that spE ∼= sp(E ∧ 1Q) ∼= sp(E) ∧ 1Q in SH.
To finish the proof, it suffices to show that spE is a module in SH over s01.
This follows from [19, Thm. 3.6.14(6)]. 
Let HB = KGL
(0) ∈ Spt(M) denote the Beilinson motivic cohomology spec-
trum constructed by Riou in [26]. By the work of Cisinski-De´glise [3, Cor. 14.2.6],
we conclude that HB is a commutative cofibrant ring spectrum in Spt(M). In
addition, in [20, Thm. 4.1] we show that s0(1) ∧ 1Q is equipped with a unique
structure of HB-algebra in Spt(MX).
Corollary 4.1.15. Let E be a Q-local symmetric T -spectrum in SH. Then for
every integer p ∈ Z, spE is a module in Spt(M) over HB.
Proof. Combining 4.1.14 and [20, Thm. 4.1], we deduce that spE is a module in
SH overHB. Then the result follows from [3, Cor 14.2.16(i)-(v)], since E is Q-local
in SH and hence spE ∼= sp(E ∧ 1Q) ∼= sp(E) ∧ 1Q (see 4.1.13) is also Q-local. 
Let e : 1→ HB be the unit map of the ring spectrum HB in Spt(M).
Theorem 4.1.16. Let E be a Q-local symmetric T -spectrum in SH. Assume that
E belongs to the localizing subcategory SH⊥(n) for some integer n ∈ Z. Then E is
a module in Spt(M) over HB.
Proof. By [3, Cor 14.2.16(i)-(v)], it suffices to show that E ∧ e : E → E ∧HB is
an isomorphism in SH. Since E ∼= hocolimp≤nfpE in SH (see 4.1.12), it suffices to
show that fpE ∧ e is an isomorphism in SH for every integer p ≤ n.
We observe that fpE ∼= ∗ ∼= spE for p ≥ n, since by hypothesis E is in SH
⊥(n).
Hence, the slice tower of E is of the form:
∗ = fnE → sn−1E ∼= fn−1E → fn−2E → fn−3E → · · ·
Thus, by 4.1.10 it suffices to show that spE ∧ e is an isomorphism in SH for every
integer p ≤ n. This follows from 4.1.15 and [3, Cor 14.2.16(i)-(v)]. 
4.2. The weakly birational tower for Q-local spectra. Given symmetric T -
spectrum E in SH, we consider its weakly birational tower (3.2.13):
· · · // wbc−1(E)
θE−1
❏❏❏
$$❏
❏❏
❏
// wbc0(E)
θE0

// wbc1(E) //
θE1
✉✉
✉
zz✉✉
✉✉
· · ·
E
Recall that wbcnE is the weakly n-birational cover of E (see 3.2.4, 3.2.5).
Theorem 4.2.1. Let E be a Q-local symmetric T -spectrum in SH (see 4.1), and
n ∈ Z an arbitrary integer. Then wbcnE satisfies the following properties:
(1) wbcnE is Q-local in SH.
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(2) wbcnE is a module in Spt(M) over HB.
(3) The natural map wbcnE → wb
c
n+1E is a map of HB-modules in Spt(M).
Proof. (1): This follows from 4.1.8.
(2): By construction wbcnE is in WB
⊥
n (see 3.2.2 and 3.2.4). Hence, the result
follows by combining 4.1.16 and 3.1.16.
(3): By [3, Cor. 14.2.6] HB is a commutative ring in Spt(M), with unit u : 1→
HB. Thus the bottom row in the following commutative diagram in SH is a map
of HB-modules in Spt(M):
wbcnE
//
(wbcnE)∧e

wbcn+1E
(wbcn+1E)∧e

wbcnE ∧HB
// wbcn+1E ∧HB
Hence it suffices to show that the vertical maps are isomorphisms in SH. This fol-
lows from [3, Cor 14.2.16(i)-(v)], since by (2) above wbcnE and wb
c
n+1E are modules
in Spt(M) over HB. 
5. The Weakly Birational Tower for Motivic Cohomology
Throughout this section, the base scheme X will be of the form Spec(k) with k a
perfect field. We will study the weakly birational tower (3.2.13) for Voevodsky’s T -
spectrumHR, which represents in SH motivic cohomology [29, 6.1] with coefficients
in an abelian group or a commutative ring R. Our goal is to show that in some
cases the tower is not trivial, and that it induces and interesting finite filtration on
the Chow groups.
5.1. Main properties.
Lemma 5.1.1. HR belongs to WB⊥0 and to SH
eff .
Proof. By 3.1.11 and [21, Def. 3.1 and Thm. 3.7], we are reduced to show that
HR is isomorphic in SH to its zero slice s0(HR) [32]. This follows from [34] in
characteristic zero, and [11, Lem. 10.4.1] in positive characteristic. 
Proposition 5.1.2. Let n ≥ 0 be an arbitrary integer. Then the natural map (see
3.2.13), θHRn : wb
c
n(HR)→ HR is an isomorphism in SH.
Proof. Combining 3.2.6 and 3.2.1, it suffices to show that HR is in WB⊥0 . This
follows from 5.1.1. 
Hence, we conclude that the weakly birational tower (3.2.13) for motivic coho-
mology with R coefficients is as follows:
· · · // wbc−3(HR)
θHR−3
❱❱❱❱
❱❱❱❱
++❱❱❱❱
❱❱❱❱
❱❱❱
// wbc−2(HR) //
θHR−2
◆◆◆
&&◆◆
◆◆
wbc−1(HR)
θHR−1

HR
(5.1.3)
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5.1.4. Non-triviality of the tower. Our goal is to show that for n < 0, the weakly
birational covers wbcn(HR) and the layers wbn/(n−1)(HR) are interesting, i.e. they
are not isomorphic in SH to either HR or ∗.
First we introduce some notation; let HRp,q, AHR denote Σ
p−q ∧Gqm ∧HR and
⊕p,q∈ZHR
p,q, respectively. By adjointness, there are isomorphisms:
HomSH(HR
p,q, HR) ∼= HomSH(HR,HR
−p,−q) = A−p,−q(5.1.5)
HomSH(AHR, HR) ∼=
∏
p,q∈Z
HomSH(HR,HR
−p,−q) =
∏
p,q∈Z
A−p,−q(5.1.6)
where A−p,−q is the group of bistable operations in motivic cohomology with R
coefficients of degree −p and weight −q [33].
The non-triviality of wbcn(HR) and wbn/(n−1)(HR) will follow from the existence
of non-trivial elements in Ap,q for appropriate p and q. This information is codified
in the spectral sequence of the tower (5.1.3) evaluated in AHR. Namely:
Theorem 5.1.7. Let p ≤ 0. Consider the spectral sequence of the tower (5.1.3)
with term (see 3.2.15):
E1p,q = HomSH(AHR,Σ
q−pwbp/p−1HR) =
∏
j∈Z
Aj,−p
given by all bistable operations in motivic cohomology with R coefficients of weight
−p. Then the spectral sequence degenerates. Therefore, the term E1p,q is the as-
sociated graded grpF• for the filtration F• of HomSH(AHR, HR) =
∏
j,k∈ZA
−j,−k
given by the image of
θHRn∗ : HomSH(AHR, wb
c
nHR)→ HomSH(AHR, HR),
which can be written explicitly as
∏
j∈Z,k≤nA
−j,−k, i.e. coincides with all bistable
operations in motivic cohomology with R coefficients of weight ≥ −n.
Proof. The existence of the spectral sequence with term
E1p,q = HomSH(AHR,Σ
q−pwbp/p−1HR),
follows from 3.2.15. Combining 5.3.2, 5.3.3 and 5.3.5; we deduce that the spectral
sequence degenerates and that (see 5.1.5 and 5.1.6):
E1p,q =
∏
j∈Z
HomSH(HR
j,p, HR) =
∏
j∈Z
Aj,−p
Since the spectral sequence degenerates, we conclude that E1p,q coincides with the
associated graded grpF• for the filtration given by the image of θ
HR
n∗ . Finally,
combining 5.3.2, 5.3.3 and (5.1.5)-(5.1.6) we deduce that the image of θHRn∗ is∏
j∈Z,k≤nA
−j,−k. 
Theorem 5.1.8. Let q > 0 be an arbitrary integer. Assume that there is an integer
p such that Ap,q 6= 0, i.e. there exist non-trivial bistable motivic operations of degree
p and weight q. Then:
(1) For every integer 0 < n ≤ q, wbc−nHR is not isomorphic to ∗. In addition,
the natural map θHR−n : wb
c
−nHR→ HR is not an isomorphism in SH.
(2) The layer wb−q/(−q−1)HR is not isomorphic to ∗ in SH.
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Proof. (1): On the one hand, combining 5.3.2 with 5.1.5, we conclude that wbc−nHR
and ∗ are not isomorphic in SH. On the other hand, by 5.3.4 we deduce that θHR−n
is not an isomorphism in SH.
(2): This follows by combining 5.3.2 and 5.3.5. 
5.2. The filtration in the motivic cohomology of a scheme. Recall that X
is of the form Spec(k) with k a perfect field and that Hp,q = Σp−q ∧Gqm ∧HR.
Let Y ∈ SmX . We will write H
p,q(Y,R) for HomSH(Σ
∞
T Y+, HR
p,q), i.e. for the
motivic cohomology of Y with coefficients in R of degree p and weight q. By ad-
jointness: Hp,q(Y,R) ∼= HomSH(Σ
−p+q(G−qm ∧ Y+), HR). Therefore, the abutment
of the spectral sequence of the tower (5.1.3) evaluated in Σ−p+q(G−qm ∧Y+) induces
an interesting filtration in Hp,q(Y,R). Namely:
Theorem 5.2.1. Let p, q be arbitrary integers, and let Y be in SmX. Then there
exists a decreasing filtration F • on Hp,q(Y,R) where the n-component is given by
the image of θHR−n∗:
HomSH(Σ
−p+q(G−qm ∧ Y+), wb
c
−nHR)
θHR−n∗

HomSH(Σ
−p+q(G−qm ∧ Y+), HR) = H
p,q(Y,R).
In addition, the filtration F • is functorial in Y with respect to morphisms in SmX .
Proof. The existence of the filtration follows directly from 3.2.15. The functoriality
is clear from the definition. 
5.2.2. Finiteness of the filtration. Our goal is to show that for Y in SmX , the
filtration F • on Hp,q(Y,R) defined in 5.2.1 is concentrated in the range 0 ≤ n ≤ q.
Theorem 5.2.3. Let p, q be arbitrary integers, and let Y be in SmX. Then the
decreasing filtration F • on Hp,q(Y,R) constructed in 5.2.1 satisfies the following
properties:
(1) F 0Hp,q(Y,R) = Hp,q(Y,R),
(2) F q+1Hp,q(Y,R) = 0.
Proof. By 5.1.2 we deduce that θHR0 is an isomorphism in SH. This proves the first
claim. For the second claim, we observe that Σ−p+q(G−qm ∧Y+) is in Σ
−q
T SH
eff (see
3.1.14). Thus, it suffices to show that wbc−q−1HR belongs to SH
⊥(−q) (see 3.1.15),
or equivalently to WB⊥−q−1 (see 3.1.16). This follows from 3.2.2 and 3.2.4. 
5.3. Auxiliary results.
Lemma 5.3.1. Let q > 0 be an arbitrary integer. Then, for every integer p:
HomSH(HR
p,q, HR) = 0.
Proof. By 5.1.1, we conclude that HRp,q is in ΣqTSH
eff . Combining 3.1.16 and
3.1.15, we observe that it suffices to show that HR is in WB⊥q−1. But this follows
from 3.2.6 and 5.1.2. 
Lemma 5.3.2. Let q ≤ n be arbitrary integers. Then for every integer p, the
natural map; θHRn : wb
c
nHR→ HR induces an isomorphism:
HomSH(HR
p,q, wbcnHR)→ HomSH(HR
p,q, HR).
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Proof. By 3.2.5 and 3.2.1 it suffices to show that HRp,q is inWB⊥q . Then the result
follows by combining 5.1.1 and 3.1.17. 
Lemma 5.3.3. Let q ≥ n + 1 be arbitrary integers. Then, for every integer p:
HomSH(HR
p,q, wbcnHR) = 0.
Proof. By construction wbcnHR is in WB
⊥
n (see 3.2.2 and 3.2.4), and therefore also
in WB⊥q−1 (see 3.2.1). Combining 3.1.16 and 3.1.15, we conclude that it suffices to
show that HRp,q is in ΣqTSH
eff . This follows from 5.1.1. 
Corollary 5.3.4. Let n < 0 be an arbitrary integer. Then the natural map θHRn :
wbcnHR→ HR is not an isomorphism in SH.
Proof. Taking p = q = 0 in 5.3.3 we deduce that the identity map on HR does
not factor through θHRn . Hence we conclude that θ
HR
n is not an isomorphism in
SH. 
Consider the distinguished triangle in SH (see 3.2.7):
wbcnHR // wb
c
n+1HR
πn+1 // wbn+1/nHR
σn+1 // Σ1wbcnHR
Lemma 5.3.5. Let q be an arbitrary integer. Then, the natural map πq induces
an isomorphism:
HomSH(HR
p,q, wbcqHR)→ HomSH(HR
p,q, wbq/(q−1)HR).
Proof. Since SH is a triangulated category, it suffices to show that
HomSH(HR
p,q, wbcq−1HR) = HomSH(HR
p,q,Σ1wbcq−1HR) = 0.
On the one hand, by 5.3.3 we conclude that HomSH(HR
p,q, wbcq−1HR) = 0. On
the other hand, by adjointness and 5.3.3 we conclude that:
HomSH(HR
p,q,Σ1wbcq−1HR)
∼= HomSH(HR
p−1,q, wbcq−1HR) = 0.
This finishes the proof. 
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